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Review exercise 2

1 a x=2cott,y=sin’¢

= — _2cosec’ t, d—y =4sintcost
dr ds
dy _dy  dx
dv dr dr
_ 4sintcost
—2cosec’ t
=-2sin’ fcost
b When t=£:
4
1 2
x=2andy=2x|—=| =1
()
3
dy 1 1 1
—:—2)( e X| —F/—|=——
dx (ﬁj (ﬁ) 2

So equation of tangent is

y_

1=—1(x-2)

y=—1x+2

C XxX=

y:

X
2c0tt:>c0tt:§

2sin’ ¢t = sin’ ¢t =§ and cosec’t=—

y

cosec’ t =1+cot’ ¢

2
Y

(SRES

y:

)

4+x’
4
4

4+x’
8

4+ x°

i
As 0<t<5,cott>0

Since x =2cott, the domain of the
function is x > 0.

R
1+¢ 1—¢

@ Pearson

Using the chain rule:

dx

-1 dy

1

A (407 dr (I-1)?

dy_dy  dx
dv dr dt
_ 1+
(1-1)°
When ¢ =1
x=2andy=2
d_ G
(b’
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3 3x°-2y"+2x-3y+5=0

Differentiating with respect to x:

6x—ay Y 2-3Y 00
dx dx

Substituting x =0, y=1:

4V 3V
dx dx

1Y,
dx
d_2
dx 7

So gradient of normal at (0, 1) is —%

Equation of normal is

y-1=-1(x~0)
y=—Ix+1
Tx+2y—-2=0

4 a sinx+cosy=0.5

Differentiating with respect to x:
. d
cosx—smy—y =0

d_y_cosx

dx siny

b d—y:O:>cosx:0:>x:iE
dx 2

When x=":
2
I+cosy=0.5=cosy=-0.5
21 -27

YEROYE

When x:—E:
2

—l+cosy=0.5=cosy=1.5
(no solutions)

So the only stationary points in the given

(n 2nj (n —275)
range are at | —,— |and | —,— |.
2°3 23

Solution Bank

b

Using the chain rule:
dv dv dr dr

=—x— =41’ x

At dr dr dr

dv 1000 , dr
—= ~=4mr
de  (2t+1) dt
dr 1000
0 —=——"7-—""——
dt  4n2t+1)*r’
_ 250
(2t +1)r’

X +3x%y =4
3x2+6xy+3x2d—y:0
dx

d_y__3x2+6xy

dx 3x?
_x+2y

X

At the point (1, 1):
dy__(1)+2(1)

dx (1)
=-3
Using y—y, :m(x—xl) with m =—3 at
(1, 1) gives:
y—1=—3(x—1)
y—1=-3x+3
y=-3x+4

x=1n(2t—1), y=at-3t, t>k
2t-1>0=1¢>0.5
Therefore k> 0.5
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7p T__2

dr 2t-1

d—y:a—9t2

dr

& _dy dt

dx dt dx
(2t-1)(a—9¢)
- 2

Whent—g dy=0

dr

()

o (20)-1)(4-9())
dr 2

5

T2

Since the gradient of the tangent is —% ,

the gradient of the normal is 2

Using y—y, =m(x—x,) withm = % at
(0, 1) gives:
2

—-1=—=(x-0

y=1=2(x-0)
2

=—x+1

Y75
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8 a x=sec’t, y=cott, 0 <t < %
1
Y st
dx 0(0052x)—l(—sintcost+c0st(—sinx))
dr cos*t
_ 2sintcost
~ cos't
_ 2sint
 cos’t
2 (sint
_coszt(costJ

=2sec’ttant as required
Therefore k=2

From part a, dx = 2sec’ t tant dt

A=

o'—.-M

cott(ZSec ttant dt)

4
:2jsecztdt

=2[tanx]0Z

=2
23 5
x=—t* y=2¢t>
3 Yy

1

dx =¢2 dt
3
A=[ydx=40

3501
jztz (ﬂ dzj:40

j'ﬁ dr =20

3
Ft“} =20
4 a
3*—a* =80
a*=3*-80
=1
a=1
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10a Crosses x-axis at x =a so

a>0andavl—-a®> =0

Soa=1

1
b nsz(l—xz) dx
0
=3 4],
2
15

11 x=tant, y=cos’t 0<r <>

N

dx =sec’ ¢t dt

<
[
3
\<I\)
&

(cos2 t)2 sec” ¢t dt

[SS]

Il
a
(@}
@]
w2
~
o
~

<
Il
a
Ol [y Ol [ O [y

| (1+cos2t)dt

N | =

O [

ola D= =
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3x

dx
V2x—1

12 Let Izj
1

Let u’ :2x—1:>2ud—u:2
dx

So replace dx with u du.

2
N2x=1=u andx:u 2+1

X u
1 1
5 3
2
Sol= ixu +1><udu

:[%Lf +3u 1
(3 9)-(43)
=18-2

=16
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1

13Let /=] .
0(1__x2)2

3
X

Let uzl—x2:>d—u:—2x
dx

So replace x dx with _d_2u.

x=1-u
3
Soj - :J. al —xdx
(1-x?)’ (1-x*)°
_Jl—“(_ﬂzj
L2
_ 1 l_ludu
uZ
:—l (u’i—u%)du
2
X u
1 3
2 4
0 1

3o

()2

33

@ Pearson

141£t1=ﬁ%x?+nmxdx

Letuzlnx:d—u:l
dx x

dv x’
and —=x2+1:>v=?+x

Using the integration by parts formula:

3 ¢ e 3
I= x—+x Inx —Il x—+x dx
3 LoaX 3
3 S 2
= e—+e xl—(lﬂij—j x—+1 dx
3 3 3

3 3 ¢
=% te-0-|Z4x
3 9

1

$e{5o0He)

2¢° 10
= — 4 —

9 9
= 1(2¢* +10)

5x+3 _ A N B
(2x-3)(x+2) 2x-3 x+2
_A(x+2)+B(2x-3)
T 2x-3)(x+2)
S5x+3=A(x+2)+B(2x-3)

Let x=-2: -7=B(-7)soB=1
Let x=3: %zA(%) sod=3
5x+3 3 1
0 = +
(Qx—3)(x+2) 2x-3 x+2
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J’6 5x+3 dr 16 Ie”‘ cos2x dx
2 (2x=3)(x+ 2) This is of the form
:j 3 dx+I Iudv:uv—fvdu
> 2x—3 x+2

With u =cos2x = % =-2sin2x and

=[2In(2x-3)+In(x+2)]
=(£In9+1n8)—(3In1+1n4) %=e"‘:>v=—e"‘
=In9 +In8—0—1In4 Substituting into j udv=uv— Iv du gives:
:ln9%+ln% Ie cos2xdx=—e " cos2x — I— (—2sin2x) dx
=In27+In2 Ie cos2xdx=—¢ " c0s2x—ZI *sin 2x dx
=1n54 1)
je"" sin 2x dx

1s of the form
Iu dv=uv—jvdu

With u =sin2x = %z 2cos2x and

dv .,
—=e " D>v=—e
dx

Substituting into j udv=uv— J.v du gives:
I *sin2xdx = —e *sin2x— j— (2cos2x) dx

—X

=—e " sin 2x+2je cos2xdx
Substituting into (1) gives:
Ie‘x cos2x dx

=—e "cos2x—2 (—e"" sin 2x + ZI e cos2x dx)
=—e " cos2x+2e " sin2x— 4I e " cos2xdx
5 I e " cos2xdx

=—e " cos2x+2e "sin2x

Ie‘x cos2x dx

_ 2e"sin2x—e " cos2x
5

—X

= 65 (2sin2x —cos2x)
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2x—1 A B
a = +
(x-D(2x-3) x-1 2x-3
2x-1=A2x-3)+B(x-1)

Let x=3: 2=B(+)=>B=4

1=4(-1)= 4=-1

3.
7.
Let x=1:

2x—1 -1 4
0 = +
(x-D(2x-3) x-1 2x-3

b (2x—3)(x—1)%:(2x—1)y

Separating the variables:
2x—1

j_ _'[(2x 3)(x— 1)

So 1ny:jx_ dx+j2x S
=—In|x—1[+2In|2x-3|+c¢
=—In|x—1|+1In(2x-3)’ +1n 4
(2x-3)°

x—1

=In 4

So the general solution is
_ A(2x-3)

x—1

_ AQR2x- 3)°

x—1

When x=2, y=10 so
A(4-3)
2-1

10= = A=10

So the particular solution is
_10(2x-3)°
(x=1)

Using the chain rule:

dV dV dr
dt dr dt
=4nr2xﬂ
dt
So £—4m‘ ><i
V dr
dr_ k1
dt gnr3 4TCT"2
3k
167°r°
So B= 3k2
16m

b Separating the variables:
jrsdr = J- 3k dt

167
3k
6 l6n°
7 :9—k2t+A'
81
r=( 9k2 t+A'j
81

19 a Rate of change of volume is (Z—ch3 s
t

Increase is 20 cm® s7!
Decrease is k¥ cm® s™', where k is a
constant of proportionality.

So the overall rate of change is

LU
ar
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19b Separating the variables:

1
jzo_kaV:jmz

So —%1n|20—kV|:t+c

When =0,V =0 so
—lln20= c
k

Combining the In terms:
1. 20-kV
——In =t

k 20
20-kV
20
20-kV 4
=e
20
kV =20-20e™

In —kt

Substitute (ii_lt/ =10 when r=5:

10=20e" = e =1

Taking natural logarithms:
—5k=1In4 or Sk=In2

k=11n2=0.1386 (4 d.p.)

t

So y 1001001
In2 1In2\2

When r=10:
100 100 1

=108.2 (1 d.p.)

So the volume is 108 cm? (3 s.f.).

@ Pearson

dcC . .
20 a — is the rate of change of concentration.

dt

The concentration is decreasing so the rate
of change is negative.

where £ is a positive constant of
proportionality.

b Separating the variables:
[ Lac-- [
C

so InC =—kt+1n 4,
where 1n A4 is a constant.

So lng =—kt
A

—kt

C
—=e
A

So the general solutionis C = Ae ™.

¢ When 1=0,C=C, so4=Co
So C=C,e™

When t=4,C =5C, so
15 Co =Cye™
e’ =10
4k =1n10
k=+1nl10

4

21 The two vectors are parallel

50 9i + gj = M2i — j)

Equating coefficients:

9 =2\
=2
q=-\

[SY8=)
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|51 — kj| = [2ki + 2j]

V5 & = (2k) +2

25+ K2 =4k*+4
3K =21
=1

kzjzﬁ

The positive value of & is V7.
_ (8, [-15\_[ -7
ath= (23)+( x )_(23+x)

or: —7i+ (23 + x)j

e (82
or:—2i+ (x —2)j

As a+bisparalleltob — ¢
=Ti+ (23 +x)j =M2i+ (x—2)j)

Equating coefficients and solving
simultaneously:

—7=-2hand 23 + x=AMx — 2)
A=35

23+x=3.5(x—2)
23+x=35x-7

2.5x =30

x=12

E|=M=ﬁ
Z:|=m=@
BC = AC — 4B = 6i—8j— 7k
BC| =36+ 64+49 =149

cos /BAC =238 _ 4 cuen..

2x\/§x\/§_

ZBAC =130.3° (1 d.p.)

25a Let O be the fixed origin.

PO =00-0P=10i-5j-2k

@ Pearson

25b |P—Q|=\/IOO+25+4 =129

Unit vector in direction of FQ
10 i 5 j— 2 K
V129 V1297 V129

c cosO, I —-0.1761

V129

6. =101.1° (1 d.p.)

d AB=30i—15j+6k
There is no scalar, say m, for which
AB = mFQ, so AB and ?Q are not
parallel.
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27 —6i+40j+16k=3pi+(8+qr)j+2prk
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26 MN =10i-5j—4k

|WV|: 10> +52+ 4% =141

MP =(k+2)i-2j-11k

‘W‘:\/(k+2)2+22+112

= J(k+2) +125

NP =(k-8)i+3j-7Tk

[NP|=(k-8) +3°+ 7

= J(k—8)" +56

If |A7V | = |M—P| then

V141 = J(k+2)" +125

(k+2) =16

k+2=+4

k=2ork=-6

= k =2 (since k is positive)

If |W| = |W3| then

V141 = \J(k-8)" +56

(k—8) =85
So there are no integer solutions for &
if [MN|=[NP|

If |W| =|ﬁ’| then
JOe+2) +125 = J(k—8)’ +56

k* +4k+129 = k> —16k +122

20k =-7
So there are no positive solutions for &

o |-

So k=2

Comparing coefficients of i:
—-6=3p=p=-2

Comparing coefficients of k:
16=2pr=pr=8=r=-4

Comparing coefficients of j:
40=8+qr=>qr=32=q9=-8

p:_29q=_89r=_4

2 -1
28r=|—-1(+A| -2
3 3
AtA,A=4andatB,A1=-1
For A4:
2 -1 -2
-1(+4|-2|=|-9
3 3 15
So A4 is the point (=2, =9, 15)
For B:
2 -1 3
-1|-1 2 |=|1
3 3 0

So B is the point (3, 1, 0)
4B = \[(-2-3) +(-9-1)’ +(15-0)’

= J(=5)’ +(~10)’ +(15-0)’
=514
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29 P is the point (1, —1, 3), Q is the point 11 4
(a, 3, 8) and Rlls the p01r11t (5,7, b) 30a /i has equation r=| 5 |+ 4| 2 | and /> has
PO ;l 1 a; ¢ !
8 3 5 . 244 Z
equation r = +u
1 4
PR i 1 8 b >
B e If /1 and /> intersect then:
b) \3) \b=3 1y (4) (24) (7
(3] (4] (3¢ 5044|2|=| 4 [+u|1
OR=\T|-|3|= 4 6 4] (13 5
b) \8) \b-8 1+41=24+Tu=41-Tu=13 (1)
Since the points are collinear: 5420 =4+u=21-u=-1 (2)
a-1 4 S-a 6+44=13+5u=41-5u=7 A3)
4 (=4 8 |=p 4 Subtracting (3) from (1) gives:
5 b-3 b-8 AA-Tu—41+5u=13-17
From the second row: —241=06
A= 1 Substituting £ =-3 into (3) gives:
2 41-5(-3)=7
From first row: 44— -8
1
a—1= 4(5) ﬂ =-2
3 Substituting 4 =-3 and A =-2 into (2)
a= :
: . gives:
Flrom third row: LHS:Z(—Z)—(—3):—1
7 (b=3)=3 RHS = -1
b=13 “1=-1
Substituting for a and b gives: Therefore /i and > intersect
1 2
r=|-1|+4]4 (4
3 5 b Substituting A =-2 into | 5 |+ 1| 2
6 4
gives:
11 4 3
51-2(2|=|1
6 4 -2

So /1 and b intersect at the point (3, 1, —2)
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0¢ cosd— [ -1, 31b Let P be the point (x,gy,z) 1
]|
4 /1 has equation r=| 12 [+ 4| 1
L-L=2|]1 14 -1
4)1\5 OP is perpendicular to /i, therefore:
=4(7)+2(1)+4(5) B[
=50 L y|=0
| =a?+ 27 + 4 A ;
xXty-—z= 1)
=36 Since P lies on /;:
=6 8 1) (x
L|=N7? +12 +5° 12+4] 1 |=|y
=75 14 -1 z
cosd — x=8+A1
675 y:12+l
53 z=14-1
== Substituting for x, y and z in (1) gives:
? (8+2)+(12+4)—(14-2)=0
31a [ hasequation r=|12 |+ 4| 1 A=-2
14 1 When 4 =-2
- x=8+(-2)=6
A(4, 8, a) and B(b, 13, 13) lieon /4
For 4: y=12+(-2)=10
8 1Y) (4 z=14—(-2)=16
12 (+A] 1 |=|8 So P has coordinates (6, 10, 16)
14 -1 a o
8l A= 4= ¢ [0P|=V6+10" +16°
14-A=a=a=18 —
For B: =142
8 1 b
12(+A] 1 |=]13
14 -1 13
12+2A=13=41=1
8+A=b=>b=9

Soa=18and »=9
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2
32 a The shark has position vector | 3 | and
-1
-2
swims to | 11
11
2
The flounder has position vector | 0 | and
1
-2
swims in the direction | —1
3
For the shark:
-2 2 -4
11— 3 |=| 8
11 -1 10
2 —4
r=| 3 [+1| 8
-1 10
For the flounder:
2 -2
r=|0|+u| -1
1 3

If the paths of the shark and flounder
intersect then:

2 —4 2 -2

3 |+4| 8 [=|0|+u| -1

-1 10 1 3
2-40=2-2u=-4A+2u=0 1))
34+8l=—u=81+u=-3 ?2)

—1+10A=143u=10A-3u=2 3
Adding 2 x (1) and (2) gives:
—8A+4u+81+u=0-3

Spu=-3

__3
HET5

@ Pearson

Substituting p = —% into (1) gives:

—4A+2(—§j:0
5

Substituting A = —% and u= —% into (3)

gives:

s =102 )-3(-2)--¢
10 5 5
RHS =2
—§¢2

5

Therefore the paths of the shark and
flounder do not intersect.

It is unlikely that the shark will not adjust
course to intercept the flounder.
Fish don’t tend to swim in straight lines.
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Challenge
1 a X —xp’ =y+5
dy _dy
3x* —y* =2x
-y’ 3 I dr

%(IJery) =3x" -y’

d_y_3x2_y2
dx  1+2xy

b %(1+ 2xy) =3x" -y’

2

d—f(l+2xy)+%(2y+2x%

d’y dy (dy :
1+2xy)+2y—+2x
I ( y) y 1 ]

d’y dv, (dY
@(l—i-ny) = 6x—4ya—2x —

dy dyY
6x — 4
d’y e (dx]

dx’ 1+2xy

¢ At(2, 1)

3027 -()
de  1+2(2)(1)

_u
5
ey S@-40(§ )20
d® 1+2(2)(1)
404
T 125

2

@ Pearson

3

o1
ezxlnx

dx

zlnx:d—u:l:dXZXdu
X

Let u

The limits become:
=lne’*=2and u=Ine* =3

3

< +1
e-[xlnxdxz".;du

2

[ina]
=In3-In2

()

-2 -1 1

OA=|-3|,0B=|-1|and OC=|1
0 3 1
-1\ (-2) (1
AB=|-1|-|=3|=|2
3 0 3

Therefore AB and BC are perpendicular
and hence AC is a diameter.
The midpoint of AC is:

(—2+1 341 0+1j_(_l » lj

272 72 ) L2 72

[4C| = (-2-1) +(-3-1) +(0-1)’
=26

Therefore the radius is

is —l,—l,l
2 2

6 and the midpoint
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